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p' L:" In the paper the Uy (x, ) elliptic problem M(9,)U — vy8 — x° ﬁ = H, A0 —

o
Z 106

riryimlew dwu = H, [1] is conducted to find a solution of the following two

9 ot
problems
)M@x)T® (x,7) — 2¢°TM (x,7) = 0, 4651 (x,7) — gégl) (x,t) = 0
lim_ 05" (6, 7) = fo,1), | lim_ 857 (,7) = for (3,7);
Dax—-y€eS
2)2) M(ax)U( )(x T) — OU( )(x T) — v)(é(z)(x T) = 5(1)(x T), Aééz)(x,r) —
T 5@ _ 7 (2 ) —_ g 77(2) -
5 90 (x,7) —nrdivU,” (x,7) = 9,, (x,7), BgcllgesU (x,7) = 0.

It is shown that Uy (x, T) elliptic problem’s solution is analytic with respect to .

ﬁgl) (x, T) and their derivatives asymptotic assessments with T are derived.

Key words: Elliptic problem, analyticity, asymptotic assessment, initial
condition, boundary condition, integral equation.

Introduction
The main equations of Thermo-momentum Resiliency Dynamics can be written

as
M(0x)U —vy0 — x atlzj =9, (D)

106 L
A0 — EE — nadwu = 197, (2)

where M (0x) is a differential operator of Resiliency Momentum Theory [4], [5].
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x = (0x4,0x,,0x3,0,0,0). x° = ||X101|| L Xh=p, =123, x) =Y, i =45,6.

6X6

)(?i =0,i#j;9 = (—ph,—pk); 9, = —%Q. U = (u,w), where u = (uy,u,, us) is

a compatibility vector, w = (w;, w,, w3) — rotation vector, 8 - temperature.
Let D be a finite or infinite three-dimensional space with the compact boundary

s g 2 S from the class A2(a), (a > 0).
g = % Denote by D/and S/cylinders D/ = D x [ S/= 5 x [ respectively, where /= [0, ).
3 -TC; 'i§ Results B
S .g g The following first problem is discussed: to find D; cylinder’s solutions U = (u, 8)
g % -E" of the equations (1) and (2) that belong to C*(D;) N C?(D,) and satisfy the initial
= & ;é conditions for Vx € D:

i limU (x,6) = $© (@), im0 (x,0) = ¢ (@), kim0 = pD(x)  (3)

and boundary conditions for V(y, t) € S;:
lim_ UGt = fGn0), Dsiil’y‘ese(x' D = f,0,0). (4)

. 1.2 (k) k.
Here, p® = (cp(l),qb(l)),i = 0,1, where ¢ ® = ( D ¢! 5O ¢(")) = 1,2and ¢.",

i = 0,1, are given functions in D; f = (fM, @), fO = ( (), 3(1)), i=1,2

and f, are given functions in §;. Here, the initial and boundary conditions satisfy
19-59 conditions [3].
Let U = (u, 8) be a solution of the first problem, then U, = U — H, where H =

. , , , 7 k
(h, hy), h<‘>=(h(”»h£”,h§”), i=12 h=e'3 o®(), W=

e oot 0% () (5)
are the solutions of (1) and (2) equations right-side part:

Vo =10 — M(ax)h +vyh, +x at:,
1907 —_ 197 - Ah7 + 55 h7 nadlvh(l)
with zero initial and boundary conditions:
. _ oUo(x,t)

ltl_r)gzU(x, t) =0, tIrr(l)—8t =0 (6)
D> llm U()(X,t)=f(y,t)—h(y,t):fo(y,t) (7)
b llm Oo(x, t) = f7(y,t) = h; (0, 1) = for (0, 1) (8)

3X—>YES
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Denote this problem by 1°.
19 problem, using the Laplace transform

Uo(x,7) = f e " U, (x, t)dt
0
is conducted to the elliptic problem:

M(0x) U (x, T) — x°120o (x, 1) — ux B, (x,7) = o (x, 7) (9)
A8 — <8, (x, 7) = nrdivly(x,7) = Jo7 (x, 7) (10)
D;ill”;eon(x 0 = fo(y, 1), (11)
Deill”;es@o(x ,T) = for (0,7, (12)
where
Fo(x,7) = [” e ™o (x, 0)dt, 9o, (x,7) = [ ey, (x, )dL, (13)
D) = [ e o )dt,  for,3,7) = [ e for (y, DL (14)

Let’s denote this problem by (I,).

In order to show that for U,(x,7) function there exists the Laplace inverse
transform and this transform gives (I;) problem’s classic solution, we have to
derive evaluations of U,(x, ) and its second order derivative with respect to 7.
For this, (I;) problem’s solution can be expressed as the sum of the following two
problems:

1) M@x) TP (x,7) — 124°T (x,7) = 0,
5(1) T _ (1) _ 7 160 _
460, (x,T) 1990 (x,t) 0, Daffl@esUO (x,7) = fo(y, T), Daggr;es% (x,7)

f07(y! T)'

2) M(ax)U(z)(x T) — 0U(z)(x T) — v)(é(z) (x,7) = 5(1)(x T), Aééz)(x, T) —
5952)(3@ T) — nrdwU(gZ)(x, T) = 19(1) (x, T) llm U(Z)(x 7) =0. (15)
where
ﬁél)(x ) = 9o(x,7) + (2% - YZ)XZU(l)(x 7) + v)(é(l)(x 7), (16)
B4 (x,7) = 997 (x,7) + — (1)(x T) + r)rdwU( )(x T); (17)

and Yis a fixed real number more than Y2 [6].
Denote

00 = (T0,60), 1% = (02,6%),

Let,t €lly, (Ily, ={t=Y +i§ €Z|Y = Y; > Y,}).
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Using the integration by parts formula for (13) and (14), from the following

qualities:
am‘l90 _ 6k1907 _ ~
(atm )t=0 o O, ( otk )t=0 - 0’ x € D (18)
™ fo.t) _ " for .) _
° g7 ( atm )t:o =0, ( atk )t:o =0, yE 5 (19)
T 2 ¢ m=0,1,..6, k=01,..,4
c c
= § 5 we can derive
S £ 959 (x,t) 1 (oo _pp 3595 (x,t)
335 Do, 7) = = [ ]t gy et R, (20)
£ O ¢ -
¥V w B _ 0%9y7(x,t) 1 _p 05997 (x,t)
e o7 (2,7) = —[# + [ e gy, (21)
$ 2 3 et 7o)
@ & ¢ foyr) =5 J; et T2 ar, (22)
@ _1t 0 ,t
: for0) = f w28 gy (23)
37 fo(y,t) —7t %fo(.t)
fiy,0) = 3020 oy tly e (24)
9% for (y,t) 1 —7t 9%for 0.0)
for0,7) = 5 [F2D) 4L [ e g (25)
From these qualities, considering 10-50 [1], we can derive that
8o(x,7) € C3(D),3,(x,7) € C*4(D), (26)
fo. 1) € CYA(S), for(v,T) € CHA(S). (27)
In Ily semi plane the following conditions [1] are true:
5 C C
”190(36, T)”(H,O,(S) S E, ||7907(x T)||(D05) l_, (28)
= C
||f0(y’ T)”(S,O,A) S ﬁl ||f07(y1 T)”(S,O,A) = W' (29)
= c = c
||f0(yl T)”(S,LA) S W’ ||f07(37: T)”(S,l,l) S W' (30)
[3], we have
5 cC 1 |z c 1
[P0, 0| < o7 6 D] < T (31)

The first problem has a unique solution [7] and can be expressed as

U(gl) (x,7) = fS[T(ay,n(y))lP’(x —y, i?)]lll’(y, 7)dyS. (32)
where T(dy,n(y)) is an operator of a tension moment, n(y) is a normal of S
surface in the point y. ‘P(x -, iY) equation is a fundamental matrix of the first
problem [7].
¥ vector-function for the inner problem gives the solution of the following

integral equation:
15| Page
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—(z,7) + [[T(3y,n))¥(z - 3,i7)] vy, 1)dyS = fy(z,7),

and for the outer problem the following equation:

Y(z,7) + [[T(0y, n())¥'(z = ¥,i7)] Y&, D)dyS = fo(z,7).

(33)

(34)

The solution of this equation in /Iy, semi plane is analytic with respect to 7, as the

right side of this integral equation is an analytic function ofr . Therefore, Uél) is

analytically dependent on 7.

The Banach theorem shows that the equations (33) and (34) corresponding

operator in C%*(S) set has the inverse operator. Therefore,
”w(.l T) ||(S,0,/1) S C ) ||f0(.' T) ||(S,O,A).
From which, based on (29), we have
c
WCDllson <i7w

Analogously, based on (30), we have

c
||1/J(', T)||(s,1,/1) =< TG

Using (35) and (36), from (32) [7] for Ugl) we get the assessment:

[72¢ ) ey = € ICDlson < 5

T (. <
”UO (’T)”(Ei,u) =
For the inner area, based on the inequality [6]
|0PD(x,iT)| < ” |p+1 ||?, |p|=04...
and from (35), (36), (32), we get:
(1) 1
75" T)| < R
3 ~(1) 1
0o G| < p
wherek =1,2,3, T € IIy,.
For any area D c D we have:
(1) c(”)
;fggj dx)0%; ameon; Jo (uD)| = EER My,

(35)

(36)

(37)

(38)

(39)
(40)

(41)

This means that there exists one unique solution for the first problem [1] that can

be expressed as

(1) _
O (x,7) = fsan(y) ]

9 e klx=yl

¢-,(y,t)dyS, x €D

(42)
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Y . . .
where k = 5> 0, and ¢,(x,t) function represents a solution of the singular

integral equation:
—klz—

¢7(Z T) +2Tl,'fSaTl(y) |z—y| ¢7(le)dyS - _f07(Z T) (43)
for the inner problem, and
—klz-y|
_¢7(Z T) + ZTL'fSaTl(y) |z—y| ¢)7(yl T)dyS - _f07(Z T) (44)

for the outer problem.

As fy,(z,7) is analytic with respect to 7, the solutions of (43) and (44) will be also
analytic functions with respect to 7. So, from (42), éél) (x, 7) will be analytically
dependent on 7.

For 7 € Iy, using (29) and (31), from (43) and (44), based on the Banach

theorem, we get:
c

”¢7('JT)”(S,O,/1) < C||f07("T)||(S’0’/1) < Wr (45)
c
7 Dllsm) =755 (46)
Hence, from (42) we get [7]:
5D . : 3
870l 5y = CN85C DM = 55 (47)
5(1) c
|9 (-,r>|| " )s CligrC DM < 5 (48)
0 9(1)( )| —F' x€D, k=123 (49)
For the highest | x| from (46) we can derive:
(1) o1 65(()1)(x,‘r) c 1 i
05| < 5 SR < S k=123 (50)
ForD c D
(1) < ) _
iégj axkax] (x,7)| < e k,j=1.23. (51)
Conclusion

It is proved that ﬁgl)(x,r):(ﬁél),éél)) is analytic with respect to t.The

asymptotic assessments of ﬁf,l) (x, T) and their derivatives are derived in order
to get integral equations.
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